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1 Pruning criteria correctness

Our algorithm (PrunedDTW) is exact and therefore
only prunes warping paths that will not lead to the
optimal path. For sake of clarity, we provide in this
appendix formal definitions of some concepts informally
introduced in the text and conclude proving that our
pruning strategies are safe. It is important to recall that
the DTW algorithm relies in a dynamic programming
technique. Equation 1.1 describes the initial condition
of the algorithm1.

(1.1) dtw(i, j) =

{
∞, if i = 0 or j = 0

0, if i = j = 0

Equation 1.2 presents the recurrence relation of
DTW algorithm.

(1.2) dtw(i, j) = c(xi, yj) + min


dtw(i− 1, j)

dtw(i, j − 1)

dtw(i− 1, j − 1)

where i = 1 . . . N and j = 1 . . .M . c(xi, yj) is the cost of
matching two observations xi and yj , usually calculated
with squared Euclidean distance.

We start our proof by providing a formal definition
for warping path.

Definition An (N,M)-warping path is a sequence p =
(p1,
. . . , pL) with pl = (nl,ml) ∈ [1 : N ] × [1 : M ] for
l ∈ [1 : L] satisfying the following three constraints [1]:

• Boundary constraint: p1 = (1, 1) and pL = (N,M);

• Monotonicity constraint: n1 ≤ n2 ≤ . . . ≤ nL and
m1 ≤ m2 ≤ . . . ≤ mL;

• Continuity constraint: pl+1 − pl ∈
{(1, 0), (0, 1), (1, 1)} for l ∈ [1 : L− 1].
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1For the remaining of this document, we assume that the

time series objects may have different lengths. Therefore, x =

x1, x2, . . . , xN and y = y1, y2, . . . , yM .

Thus, an (N,M)-warping path is a mapping be-
tween elements of the time series x and y assigning the
observation xnl

of x with yml
of y.

Definition The total cost cp(x, y) of an (N,M)-
warping path p between two time series x and y with
respect to a cost measure c is defined as:

(1.3) cp(x, y) =

L∑
l=1

c(xnl
, yml

)

Therefore, every (N,M)-warping path is monoton-
ically increasing given that the cost measure c(xi, yj) ≥
0.

The DTW distance is the optimal (N,M)-warping
path between x and y defined as follows.

Definition The optimal (N,M)-warping path p∗ is the
(N,M)-warping path having minimal cost among all
possible (N,M)-warping paths [1]:

(1.4)
cp∗(x, y) = min{cp(x, y)|p is an (N,M)-warping path}

Thus, any (N,M)-warping path p, including ED, is
an upper bound to cp∗(x, y) = dtw(x, y).

The DTW matrix stores the partial optimal warp-
ing paths, i.e., the cell D(i, j) of the matrix stores the
optimal (i, j)-warping path. Therefore, the position
D(N,M) of the matrix stores the DTW distance.

We can conclude that any cell D(i, j) of the DTW
matrix greater than any (N,M)-warping path can be
safely pruned, because it is also greater than the optimal
(N,M)-warping path. However, this observation is not
enough to speed up the DTW calculations since we need
a pruning strategy to prune cells in blocks.

The correctness of the pruning strategies can be
obtained by the ordering of the fulfillment of the DTW
matrix. According to Equation 1.2, the value of each
cell is influenced by three other values:

(I) same row, preceding column: (i, j − 1);

(II) preceding row, same column: (i− 1, j);



(III) preceding row and column: (i− 1, j − 1).

For the pruning strategy that determines the value
of the starting column variable (sc), our proposal can
be better understood if we observe how the cells are
calculated since the column zero of the DTW matrix.
Because the column zero is filled with infinite values,
the value inherited from (I) never leads to the minimal
value for first column. This fact is true for any cell that
starts the calculation in a row – determined by pruning
or warping constraints – and also to the next columns
while the calculated value exceeds the UB.

The analysis of the values in (II) and (III) becomes
important from the column in which there is a value
lower than the UB in the preceding row. Therefore,
while the values of a row are calculated, our algorithm
stores the position at which this value occurs for the first
time, and uses this information to start the next row. In
other words, our method does not prune the calculation
by determining the beginning of a row in a column c if
there is at least one promising value in the preceding
row in any column cp < c. Thus, it is guaranteed that
our method do not miss any promising value in (II) or
(III).

The two restrictions used to define the pruning
strategy of the end column in each row of the matrix
guarantee the correctness of our method by the follow-
ing facts. The calculation of the values in a row will
never be pruned while the current value is lower than
UB, ensuring that there will be no missed promising val-
ues at the positions defined by (I). In addition, we en-
sure that there is no loss of promising values in (II) and
(III) by the fact that the algorithm monitors, with the
variable ec, from which point there is no more promising
values in the preceding row. A row can only be pruned
if its current column is greater than ec. In other words,
when calculating a value for a column c, this criterion
requires that ec ≤ c− 1.
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