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This supplementary material includes a detailed description of all data sets
characterization measures that can be used in the proposed framework. In
Section 1, we briefly revisited some notations, initially explained in our paper,
which are essential to understanding the extraction of meta-features1. The
usual data sets characterization measures are reported in Section 2. Accord-
ing to the same notations, in Section 3, we present other meta-features that,
to the best of our knowledge, are applied for the first time to recommend
Feature Selection algorithms via Metalearning.
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1The terms data sets characterization measures and meta-features are used interchange-
ably in this supplementary material.



1. Preliminaries

For defining the measures, let us consider that they are estimated from
a data set D (or part of it) organized according to the attribute-value file
format, as portrayed in Table 1.

Table 1: Attribute-value format

Attributes
Examples A1 A2 . . . AM Class (C)

E1 a11 a12 . . . a1M c1
E2 a21 a22 . . . a2M c2
E3 a31 a32 . . . a3M c3
...

...
...

. . .
...

...
EN aN1 aN2 . . . aNM cN

According to the input flat file format shown in Table 1, a data set
contains N pairs of examples (Ei, ci), where Ei = (ai1, ai2, . . . , aiM) and
ci ∈ {1, . . . , C}. That is, each example Ei is described by M predictive at-
tributes (features) and has a label ci out of C classes. The class attribute, in
turn, represents the concept to be learned and described by the built models
using the supervised Machine Learning algorithms.

2. Usual Measures of Characterization of Data Sets

The extraction of particularities embedded in a data set allows the dis-
covery of patterns that help us to understand the process that originated
the data. Furthermore, the morphological information data extracted can
subsidize the properties detection that possibly affects the performance of
the investigated algorithms (Brazdil et al., 2009; Vilalta and Drissi, 2002).

In the scope of our work, the data sets characterization measures are used
to assist the modeling of a framework that was designed to solve the Feature
Selection algorithms recommendation problem.

The usual measures of characterization of data sets can be arranged into
three categories (Reif et al., 2014): simple, statistics, and based on infor-
mation theory. These meta-features are formalized in what follows and are
derived from conceptual and mathematical equations.
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2.1. Simple Measures

Measures belonging to the simple category are intended to describe the
general characteristics of the data sets, i.e., properties obtained from the
attribute-value representation. Basic meta-features are described in what
follows.

1. Number of Attributes:
#A.Total (or M).

2. Number of Qualitative Attributes:
#A.QL.

3. Number of Quantitative Attributes:
#A.QT.

4. Number of Examples:
#E (or N).

5. Number of Classes:
#C (or C).

In the literature, there are several variations of the meta-features listed
above (Brazdil et al., 2009; Gomes et al., 2012; Kalousis, 2002; Lindner and
Studer, 1999; Sohn, 1999). A typical example is the application of the log
function on each simple characterization measure considered.

2.2. Statistical Measures

One of the most common ways to characterize a data set consists in ex-
tracting measures from a well-known statistical area, the descriptive statis-
tics (Pagano and Gauvreau, 2000). Many of these measures have a low
computational cost and can be used to verify the order, description, and
distribution of numerical data.

The descriptive statistics measures assume that a statistical process gen-
erates the data. Since different parameters frequently describe the process,
the measures can be visualized as statistical parameters estimates of the
distribution that originated the data (Pagano and Gauvreau, 2000).

1. Average Asymmetry of the Attributes:
Pearson’s asymmetry coefficient, also called Pearson’s first coefficient
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of skewness, is defined in not-dimensioned form by Equation 1. This
mathematical formulation aims to quantitatively summarize the skew-
ness of a distribution.

Asymmetry(A) =
3× (Ā−Md)

s
(1)

In Equation 1, from a numeric attribute A, Ā represents the average,
Md indicates the median, and s is the sample standard deviation. The
coefficient seeks to characterize how and how much the distribution of
values of an attribute departs from symmetry condition. Depending
on the value assumed by this statistical measure it is possible to cat-
egorize the distribution as symmetric, moderate asymmetric or strong
asymmetric, such as illustrated in Figure 1.

Mode = Median = Mean

𝐴𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑦 < 0.15

(a) Symmetric

Mode
Median

Mean

0.15 ≤ 𝐴𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑦 < 1.0

(b) Moderate asymmetrical

Mode

Median

Mean

𝐴𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑦 ≥ 1.0

(c) Strong asymmetric

Figure 1: Generic categories of asymmetry (modified from Pagano and Gauvreau (2000))

In Figure 1, the greater the extent of the distribution tail, the higher
the distance from the average concerning the median and mode and
the greater the asymmetry of the distribution. If the distribution is
not symmetric, it may be positive or negative asymmetry (Figure 2).

The asymmetry is said negative when the distribution tail is on the left
side of the symmetry axis (mode). Otherwise, the asymmetry is called
positive. The use of this statistical measure to characterize a data set
D is given by the average of the asymmetries calculated across all the
M attributes, as expressed by Equation 2.

AvgAsymmetry(D) =

∑M
j=1Asymmetry(Aj)

M
(2)
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Mode
Median
Mean

(a) Asymmetrical negative

Mode
Median

Mean

(b) Asymmetrical positive

Figure 2: Generic categories of asymmetry considering the distribution tail with respect
to the symmetry axis (modified from Pagano and Gauvreau (2000))

2. Average Kurtosis of the Attributes:
The kurtosis measure expresses the degree of flatness of a distribution,
which in most cases is regarded in relation to a normal (or Gaussian)
distribution. The shape of the distribution curve according to kurtosis
can be categorized as mesokurtic, platykurtic or leptokurtic (Figure 3).

(a) Mesokurtic (b) Platykurtic (c) Leptokurtic

Figure 3: Generic categories of kurtosis considering the Gaussian distribution

The Gaussian curve, which is a referential theoretical model of dis-
tribution, is called mesokurtic. When the distribution has a more
open frequency curve when compared to the Gaussian, it is entitled
as platykurtic. In contrast, when the distribution frequency curve has
a more closed frequency curve than the Gaussian, it is called leptokur-
tic (Chissom, 1970).

In practical terms, the flatness characterization is significant only when
the distribution is approximately symmetrical. Thus, for a numeric at-
tribute A with N values, the kurtosis coefficient is given by the quotient
of the fourth-order moment (m4) by the square of the variance (s2) as
shown in Equation 3.
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Kurtosis(A) =
m4

(s2)2
(3)

The fourth-order moment centered in the average is defined in agree-
ment with Equation 4.

m4 =

∑N
i=1(ai − Ā)4

N
(4)

A normal distribution has Kurtosis = 3. For this reason, the kurto-
sis is often defined by Kurtosis − 3, which is positive for a leptokur-
tic distribution, negative for a platykurtic distribution, and null for a
mesokurtic distribution. The use of kurtosis to characterize a data set
D is given by the average of the results of Equation 3 applied across
all the M attributes (Equation 5).

AvgKurtosis(D) =

∑M
j=1Kurtosis(Aj)

M
(5)

3. Average Correlation Between Attributes:
Another statistical measure used for direct characterization of data sets
is the Pearson’s correlation coefficient, which is defined by Equation 6.

Correlation(X, Y ) =

∑
(xi − x̄)(yi − ȳ)√∑

(xi − x̄)2
∑

(yi − ȳ)2
(6)

In Equation 6, x̄ matches the average of the values xi that make up
the attribute X. Similarly, ȳ refers to the average of the values yi
which constitute the attribute Y . Therefore, the correlation coefficient
quantifies the degree of the linear relation between random attribute
pairs (Chen and Popovich, 2006).

The correlation coefficient is dimensionless and is in the range [−1, 1].
The value 0 means that there is no linear relationship between the at-
tributes X and Y . The value 1 demonstrates a perfect positive linear
relationship, and the value −1 denotes a perfect negative linear rela-
tionship. The closer the coefficient is to −1 or 1, the stronger the linear
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Figure 4: Generic categories of correlation based on scatter plot (modified from Chen and
Popovich (2006))

association between two random attributes. In Figure 4, using scatter
diagrams, the correlation generic types are displayed.

There are some cases where it is not possible to verify the occurrence
of linear correlation. However, it does not exclude the existence of
another type of association, such as the exponential correlation. The
use of this statistical measure to characterize a data set is given by the
average of the correlations (Equation 6) calculated across all possible
pairs of attributes.

4. Average Coefficient of Variation of the Attributes:
The coefficient of variation is obtained, according to Equation 7, by
the ratio between the standard deviation (s) and the average (Ā), both
computed from a random variable A (Pagano and Gauvreau, 2000).

CV (A) =
s

Ā
(7)
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Equation 8 presents, for a data set D with M numeric variables A,
the average coefficient of variation of the attributes. Such equation
provides the variation of the obtained data related to the average. The
lower the value, the more homogeneous is the data.

AvgCV (D) =

∑M
j=1CV (Aj)

M
(8)

2.3. Measures Based on Information Theory

Measures based on information theory seek to characterize the nominal
attributes and their relationship with the class attribute. The most popular
information measures are described below.

1. Class Entropy:
The distribution’s entropy of the classes in a data set D, defined by
Equation 9, originates from the communication theory area. It indi-
cates the approximate amount of information needed to identify the
label of the class of an example from the original data set (Han et al.,
2011; Mitra et al., 2002).

Entropy(D) = −
n∑

i=1

[pi × log2(pi)] (9)

In Equation 9 pi, 1 ≤ i ≤ n, represents the occurrence probability of
each ci of the class C, given by the ratio between the number of cases
in which ci occurs and the total number of examples. In addition, the
base-2 log function is used because the information is encoded in bits.

2. Average Entropy of the Attributes:
The entropy of an attribute is computed similarly to Equation 9. How-
ever, to deal with an attribute, we need to consider pi, 1 ≤ i ≤ n, as
being the occurrence probability of each value ai of the attribute A,
given by the ratio between the number of cases in which ai occurs and
the total number of examples.

The average of the attributes’ entropies provides a characterization
of the data set. Each calculated entropy estimates the amount of
information that one attribute has to offer on the prediction of the
class (Kalousis, 2002).
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3. Average Conditional Entropy Between Classes and Attributes:
Let A be an attribute of a data set D, with values {a1, a2, ..., aN},
N ≥ 1, and let Dai be the partition of D composed by all the exam-
ples whose value of A is equal to ai. The distribution’s entropy of the
classes in D, conditioned to the values of attribute A, is determined by
Equation 10 (Han et al., 2011).

Entropy(D,A) =
k∑

i=1

[(
|Dai |
|D|

)
× Entropy(Dai)

]
(10)

The conditional entropy includes the uncertainty degree of the class
when the values of a random attribute are unknown. Hence, the more
informative is an attribute A in comparison to the class C, the lower the
conditional entropy Entropy(D,A). In other words, when all values of
the attribute A belong to the same class, Entropy(D,A) results in 0.
Otherwise, when values of the attribute A are random in relation to
the class, Entropy(D,A) results in 1.

From the above introduced concepts, Equation 11 presents the average
conditional entropy, between classes and attributes, for a data set D
with N examples and M attributes (Kalousis, 2002).

ACE(D) =

∑M
j=1Entropy(D,Aj)

M
(11)

4. Average Mutual Information Between Classes and Attributes:
Denoted by Equation 12, the mutual information is also known as in-
formation gain and expresses the difference between the distribution’s
entropy of the classes in D and this same entropy, however, conditioned
to the values of an attribute A (Han et al., 2011).

InfoGain(A) = Entropy(D)− Entropy(D,A) (12)

The information gain measures the reduction of the entropy caused by
the partition of the examples according to the values of a given attribute
A. Because it favors attributes with more values, this information
measure is considered biased (Hall, 1999; Yu and Liu, 2004).
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Equation 13 shows the average mutual information, between classes
and attributes, for a data set D with N examples and M attributes.

AMI(D) =

∑M
j=1 InfoGain(Aj)

M
(13)

5. Signal/Noise Ratio:
The signal/noise ratio is defined as the subtraction of the average mu-
tual information, between classes and attributes, from the average en-
tropy of the attributes and then the result is divided again by the av-
erage mutual information between classes and attributes. Equation 14
formalizes this mathematical relation considering a generic data set
D (Kalousis, 2002).

NS.ratio(D) =
Entropy(D)− AMI(D)

AMI(D)
(14)

In theoretical terms, the Equation 14 estimates the amount of not useful
information of the data set D.

3. Measures for Characterization of the Complexity and Dimen-
sionality of Data Sets

The measures discussed in this section are intended to describe how the
data are geometrically structured, considering inherent properties such as
separability of classes, overlap in attribute space, topology, and density (Ho
et al., 2006; Lee et al., 2006; Reif et al., 2014).

3.1. Statistics and Information Measures

Some of these measures seek to characterize the distribution of the classes,
while others try to evaluate to what extent the classes are separable through
the verification of the existence and shape of the class boundary.

1. Balancing of the Data Set:
The balancing measure includes the level of balance of the data set and
is defined by the ratio between the number of examples of the classes
with the lowest (nnn) and highest (NNN) number of examples (Equation 15).
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Balancing =
nnn

NNN
(15)

The lower the value of Equation 15, which is in the range [0, 1], the
bigger the imbalance.

2. Majority Class Error:
The error of the majority class is defined by the Equation 16, where NNN
is the number of examples belonging to the data set D which are asso-
ciated with the majority class, i.e., the category with greater number
of examples.

MCE(D) = 1− NNN

N
(16)

Majority class error refers to the error in the case of new examples
being classified as belonging to the majority class.

3. Equivalent Number of Attributes:
The equivalent number of attributes is given by Equation 17, which
comprises the ratio between the class entropy and the average mutual
information between classes and attributes (Kalousis, 2002).

ENA(D) =
Entropy(D)

AMI(D)
(17)

Equation 17 results in the number of attributes required to describe the
class, assuming that they all have the same mutual information with
the class, that equals to the mean mutual information.

3.2. Complexity Measures

The complexity measures seek to represent local and global particularities
from data sets (Ho et al., 2006). Some of these measures also analyze the
range and spread of values in the data set concerning each feature, and check
for overlaps among different classes (Ho and Basu, 2002; Mollineda et al.,
2005).
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1. Fractal Dimension of the Data Set:
The use of the concept of fractal dimension is associated with the ex-
istence of redundancy in the data sets and the possibility of these sets
be well approximated by smaller dimensions (Traina et al., 2005).

For statistically self-similar fractals, as real data sets, one way to define
the fractal dimension is given by the Dimension Correlation Fractal
D2, which can be calculated by the Box-Count Plot method (Faloutsos
and Kamel, 1994). In this method, the idea consists, initially, in the
construction of a lattice on the data set aside r cells. Then, the number
of points within the ith cell of size r, called of Cr,i, are counted. The
Dimension Correlation Fractal D2 is defined by Equation 18.

D2 =
∂log(S2(r))

∂log(r)
, r ∈ [rmin, rmax], (18)

where

S2(r) =
∑
i

Cr,i
2. (19)

In theory, fractals exactly self-similar are endless. In practice, real
data sets, which have a finite number of points, are considered fractals
statistically self-similar to a scale range r ∈ [rmin, rmax] if they obey
a construction rule well-defined in this range. Thus, the intrinsic di-
mension of a given data set can be measured as the straight line slope
that best fits the chart linear portions on a logarithmic scale S2(r) by
r (Traina et al., 2005).

2. Fisher’s Discriminant:
Fisher’s discriminant ratio, expressed by Equation 21, measures the
overlap between the values of the attributes in different classes.

F1 =
M

max
j=1

RAj
(20)

In Equation 21, RAj
is a discriminant ratio for each attribute Aj. In

this way, F1 takes the value of the largest discriminant ratio among
all the M attributes. This definition is consistent because if at least
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one attribute discriminates the classes, the data set can be considered
simpler than if no such attribute exists.

A high value of F1 indicates the existence of a transformation vector
that can separate the examples belonging to different classes after the
projection of the examples in this new attribute space.

For binary classification problems, where C = 2, RAj
is given by:

RAj
=

(
m

Aj
c1 −m

Aj
c2

)2
σ
Aj
c1 + σ

Aj
c2

(21)

In Equation 21, m
Aj
c1 , m

Aj
c2 , σ

Aj
c1 , and σ

Aj
c2 are the averages of the attribute

Aj with classes ck and their variances, respectively.

For multiclass problems, where C > 2, RAj
can be calculated for each

attribute in agreement with Equation 22 (Mollineda et al., 2005).

RAj
=

∑C
i=1 ni × δ(m,mi)∑C
i=1

∑ni

j=1 δ(E
i
j,mi)

(22)

In Equation 22, ni represents the number of samples in class i, δ is the
Euclidean distance, mi comprises the average of class i, m denotes the
overall average, and Ei

j indicates the sample j belonging to class i.

3. Volume of the Overlapping Region:
The volume of the overlapping region calculates the overlap of the dis-
tributions of the features values within the classes. This measure can be
determined by finding, for each feature fi, its minimum and maximum
values in the classes. The length of the overlap region is then calcu-
lated, normalized by the range of the values in both classes. Finally,
the obtained values are multiplied, as shown in Equation 23.

F2 =
M∏
k

min maxk−max mink

max maxk−min mink

, (23)

where
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min maxk = min{max(fk, c1),max(fk, c2)},
max mink = max{min(fk, c1),min(fk, c2)},
max maxk = max{max(fk, c1),max(fk, c2)},
min mink = min{min(fk, c1),min(fk, c2)}.

The values max(fi, cj) and min(fi, cj) are the maximum and minimum
values of each feature in a class cj, respectively. They represent the
overlap of the limits defined by examples of each class. A low value
shows that the attributes can discriminate the examples of different
classes.

A generalization of F2 for multiclass problems can be obtained by
summing the plain measure for all possible pairs of classes (Mollineda
et al., 2005):

F2gen =
∑
(ci,cj)

∏
k

min maxk−max mink

max maxk−min mink

, (24)

where

min maxk = min{max(fk, ci),max(fk, cj)},
max mink = max{min(fk, ci),min(fk, cj)},
max maxk = max{max(fk, ci),max(fk, cj)},
min mink = min{min(fk, ci),min(fk, cj)}.

4. Dispersion of the Data Set:
In Equation 25, the ratio between the number of examples (N) and the
number of attributes (M) indicates the dispersion degree of the data
set (Kalousis, 2002).

Dispersion =
N

M
(25)
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